We present multi-band Period-Luminosity (PL) relations for first-overtone mode Cepheids in the Small Magellanic Cloud (SMC). We derive optical band PL relations and the Wesenheit function using V I mean magnitudes from the Optical Gravitational Lensing Experiment (OGLE-III) survey. We cross-match OGLE-III firstovertone mode Cepheids to the 2MASS and SAGE-SMC catalogs to derive PL relations at near-infrared (JHK s ) and mid-infrared (3.6 & 4.5µm) wavelengths. We test for possible non-linearities in these PL relations using robust statistical tests and find a significant break only in the optical-band PL relations at 2.5 days for first-overtone mode Cepheids. We do not find statistical evidence for a non-linearity in these PL relations at 1 day. The multi-band PL relations for fundamental-mode Cepheids in the SMC also exhibit a break at 2.5 days. We suggest that the period break around 2.5 days is related to sharp changes in the light curve parameters for SMC Cepheids. We also derive new optical and mid-infrared band PL relations for first-overtone mode Cepheids in the Large Magellanic Cloud (LMC). We compare multi-band PL relations for first-overtone mode Cepheids in the Magellanic Clouds and find a significant difference in the slope of the V -band PL relations but not for I-band PL relations. The slope of PL relations are found to be consistent in most of the infrared bands. A relative distance modulus of ∆µ = 0.49 ± 0.02 mag between the two clouds is estimated using multi-band PL relations for the first-overtone mode Cepheids in the SMC and LMC.
INTRODUCTION
The Period-Luminosity (PL) relation for Cepheid variables is a vital tool in the cosmic distance ladder to obtain distances to the Local Group galaxies and determine an accurate and precise value of the Hubble constant (Riess et al. 2009 (Riess et al. , 2011 that is independent of the Cosmic Microwave Background (Planck collaboration, Ade et al. 2014 ). The PL relation or the Leavitt law was first introduced by Leavitt & Pickering (1912) Caldwell & Laney 1991; Laney & Stobie 1994 , and references therein). At optical wavelengths, the second phase of the Optical Gravitational Lensing Experiment (OGLE-II) survey derived PL relations for Cepheid variables (Udalski et al. 1999a ). Later, this catalog was used in many studies on PL and/or Period-Color (PC) relations (Udalski et al. 1999b; Sharpee et al. 2002; Storm et al. 2004; Sandage, Tammann & Reindl 2009) . Similarly, the PL relations for ∼ 600 Cepheids in the SMC were derived by the EROS (Expérience de Recherche d'Objets Sombres) collaboration (Bauer et al. 1999) . Further, Groenewegen (2000) used Cepheids in the Magellanic Clouds from OGLE-II and their counterparts in 2MASS and DENIS catalogs to derive infrared band PL relations.
of OGLE survey (OGLE III, Soszyñski et al. 2010) . The authors provided optical band PL and Period-Wesenheit (PW) relations for fundamental and first-overtone mode Cepheids but these relations did not take account of extinction corrections. At infrared wavelengths, Ngeow & Kanbur (2010) and Ngeow, Citro & Kanbur (2012) derived PL relations for Cepheids using Spitzer and AKARI archival data. Sandage, Tammann & Reindl (2009) derived fundamental mode PL and PC relations for Cepheids in the SMC and Tammann, Reindl & Sandage (2011) extended this work to first-overtone mode Cepheids and compared these relations with those of Cepheids in metal-poor Local Group galaxies. Further, Matsunaga, Feast & Soszyński (2011) used OGLE-III counterparts of SMC Cepheids in the IRSF observations to derive PL relations and Inno et al. (2013) used these random phase observations to derive PW relations. Recently, Subramanian & Subramaniam (2015) also derived the PL and PC relations for the OGLE-III Classical Cepheids and investigated the structure of the SMC.
Many studies in the literature concentrate on fundamental mode Cepheid PL relations for their application to the distance scale. Therefore, very few of these studies have derived PL relations for the first-overtone mode Cepheids in the Magellanic Clouds, specially at infrared wavelengths. Recently, Ngeow et al. (2015) derived multi-band PL relations for fundamental mode Cepheids in the SMC. They also used various test statistics to find evidence of a possible non-linearity at 10 days and provided evidence that the SMC PL relations are linear. However, they only concentrated on the Cepheid samples with P > 2.5 days. The reason is that the EROS collaboration found a break in the PL relation for Cepheids with periods shorter than 2 days (Bauer et al. 1999) . This was later confirmed in many studies (for example, Tammann, Reindl & Sandage 2011; Subramanian & Subramaniam 2015) but at a slightly different period. Further, Bhardwaj et al. (2014) have shown that both fundamental and the first-overtone mode Cepheids in the SMC exhibit break at 2.5 days in PC and AmplitudeColor (A-C) relations at maximum and minimum light in optical bands. For these reasons, we extend previous work to study multi-band SMC PL relations for the first-overtone mode Cepheids and short period fundamental mode Cepheid PL relations to rigorously test for nonlinearity at various periods. This paper is structured as follows. In Section 2, we discuss the optical, near-infrared and mid-infrared data for SMC Cepheid variables used in our analysis along with the extinction corrections. We derive multi-band PL relations for first-overtone mode Cepheids in the SMC in Section 3, and compare these with published results. We also test these relations for non-linearity at various periods. We compare breaks in the first-overtone mode PL relations with the short period break in fundamental mode SMC Cepheid PL relations ( §4). We also compare the first-overtone multi-band PL relations for Cepheids in the two Magellanic clouds ( §5). Finally, the results and important conclusions of this study are discussed in Section 6. 
DATA AND EXTINCTION CORRECTION
The photometric mean magnitudes for Cepheids in the SMC at V -and I-bands are taken from OGLE-III (Soszyñski et al. 2010 ). There are 2626 fundamental (FU) mode and 1644 first-overtone (FO) mode Cepheids in SMC as classified by the OGLE-III survey. We also derive the optical Wesenheit WV,I = I −1.55(V −I) magnitudes, where the color coefficient is obtained using the extinction law given by Cardelli, Clayton & Mathis (1989) . We cross-matched the OGLE-III SMC FO mode Cepheids with the 2MASS point source catalog (Cutri et al. 2003 ) using a search radius of 2 ′′ and obtain the corresponding random-phase JHKS magnitudes. We also cross-matched OGLE-III Cepheids with publicly released SAGE-SMC data and obtain IRAC band photometry upto three epochs. The number of matched sources and the corresponding mean separations and standard deviations are summarized in Table 1 for the SAGE-SMC data. We estimated the error weighted mean if the magnitudes are available for more than one epoch of observation. We find from Table 1 that the majority (> 95%) of matched sources are within 1 ′′ radius in OGLE-III and SAGE-SMC catalogs. Therefore, the results of our analysis are not affected by the choice of a greater search radius.
We note that near-infrared templates for FO mode Cepheids are not available in literature. Recently, Inno et al. (2015) provided templates for J-band FO mode Cepheids but the calibrator sample was limited to 10 Cepheids in the SMC. Macri et al. (2015) derived new near-infrared PL relations for FO mode Cepheids in the LMC based on the fairly well sampled light curve data for ∼ 500 Cepheids. Therefore, we use time series data from Macri et al. (2015) together with the methodology presented in Soszyński, Gieren & Pietrzyński (2005) to correct 2MASS random phase observations to mean magnitudes. We assume negligible effects of metallicity difference on the light curve shape for FO mode Cepheids in the Magellanic Clouds. It is a reasonable assumption considering the fact that FO mode Cepheids have smaller amplitudes and exhibit near sinusoidal light curve structure. A comparison of I-band Fourier parameters for FO mode Cepheids in the Magellanic Clouds is shown in Fig. 1 . We use sliding mean calculations with a step size of log P = 0.1 to estimate mean parameters in each period bin (Bhardwaj et al. 2015b ). For log P > 0.2, the mean amplitude and phase parameters are consistent between the two clouds. There is a greater difference in Fourier parameters for log P < 0.2 in some period bins but we note that the LMC FO mode Cepheid sample is significantly smaller as compared to SMC in this period range. We also emphasize that for near-infrared light curves, these differences in amplitude and phase parameters will be even smaller.
We normalize each LMC FO mode Cepheid light curve in such a way that the mean magnitude is zero and the am- Table 2 . Fourier coefficients for the near-infrared light curves of FO mode Cepheids.
J-band
H-band Ks-band plitude is equal to unity. The Fourier amplitude parameters for FO mode Cepheids show a sharp progression around 2.5 days at optical wavelengths. Therefore, we divided our LMC sample in two period bins and co-added the normalized light curves of each Cepheid in JHKs bands separately. The plot of merged light curves is shown in Fig. 2 . Finally, we fit a third-order Fourier sine series,
Ai sin(2πφ + Φi), to the template light curves and obtain amplitude and phase coefficients (Bhardwaj et al. 2015b) , listed in Table 2 . The amplitude ratios of near-infrared to optical light curves and the phase lag of maximum light between I and JHKs bands for FO mode Cepheids in the LMC are shown in Fig. 3 . We do not find any significant variation of amplitude ratios as a function of period and adopted median values are listed in Table 3 . The phase lag for maximum light in JHKs vs. I for the FO mode Cepheids show a trend as a function of period for P>2.5 days. We note that the J to V -band amplitude ratio (AJ /AV ) for LMC FO mode Cepheids (0.39 for P<2.5 and 0.34 for P>2.5 days) is similar to the SMC FO mode Cepheids from Inno et al. (2015) . This is in contrast to fundamental mode Cepheids where the amplitude ratio for SMC Cepheids are significantly smaller than LMC Cepheids, and further suggests that the assumption of similar light curve structure for FO Cepheids in the Magellanic Clouds is a good approximation.
We derive the I-band amplitudes for SMC FO mode Cepheids using full phased light curves from OGLE-III. We use the amplitude ratios for LMC Cepheids together with I-band amplitudes for SMC Cepheids and estimate the amplitude in near-infrared bands for Cepheids in the SMC. Similarly, we calculate the phase of the 2MASS measurement points using the epoch of maximum brightness in Iband from OGLE-III, i.e. φ = frac estimate the mean magnitudes for FO mode Cepheids using m(λ) = m(λ)2MASS − A(λ) × T (φ). We note that the nearinfrared magnitudes from 2MASS have large photometric uncertainties which contribute to the greater dispersion in PL relations. The median uncertainties in the average magnitudes for FO Cepheids in [V, I, J, H, Ks, 3.6µm, 4.5µm] bands range from [0.02, 0.03, 0.06, 0.09, 0.14, 0.06, 0.09] for P<2.5 days to [0.02, 0.03, 0.04, 0.08, 0.08, 0.05, 0.05] for P>2.5 days.
The mean magnitudes for Cepheids in multiple bands are corrected for reddening using Haschke maps (Haschke, Grebel & Duffau 2011) . We provide the input locations for OGLE-III Cepheids in terms of RA/DEC and obtain the corresponding E(V-I) color excess. We correct the magnitudes using the extinction law A λ = R λ E(B − V ), where E(V-I) is related to E(B-V) by the relation E(V-I) = 1.38 E(B-V) (Tammann, Sandage & Reindl 2003) . For the SMC, the values for total-to-selective absorption (R λ ) are RV, I, J, H, K, 3.6µm, 4.5µm, 5.8µm, 8.0µm = {2.40, 1.41, 0.69, 0.43, 0.28, 0.12, 0.09, 0.06, 0.04}, corresponding to E(V-I) color excess ). Soszyñski et al. (2010) derived the PL and PW relations for FU and FO mode Cepheids in the SMC at optical wavelengths in their data release paper. However, these relations were not corrected for extinction. There are many studies in the past decade on FU mode Cepheid PL relations (for references, see §1) but not for FO mode Cepheids in the Magellanic Clouds. Groenewegen (2000) derived PL relations for FO mode Cepheids by combining OGLE-II data with DE-NIS and 2MASS infrared data. Bono et al. (2002) carried out a study on theoretical and observed PL relations for FO mode Cepheids in IKs-bands. A detailed study based on PL and PC relations for SMC Cepheids using OGLE catalogs was carried out by Reindl (2009) and Sandage (2011) . Recently, Subramanian & Subramaniam (2015) provided new PL relations for FO Cepheids using OGLE-III data and found evidence of several breaks in optical PL and PC relations but no statistical tests were done in their analysis. We extend these studies to derive multi-band PL relations and use our test statistics (Bhardwaj et al. 2016 ) to rigorously determine any possible non-linearities in these relations for FO mode Cepheids. Fig. 4 displays near-infrared PL relations using ran- dom phase corrected mean magnitudes. We find that all J and H-band magnitudes are above the detection limit while the Ks-band magnitudes are influenced due to the incompleteness bias at the short-period end. This incompleteness bias is related to well-known Malmquist bias (see, Sandage 1988 , for more details). Therefore, an appropriate period cut is required in Ks-band. We use the method discussed in Ngeow et al. (2015) to adopt period cuts. In brief, we start with an initial log Pcut = 0 and fit a PL relation to the remaining sample with iterative 2.5σ clipping and obtain the slope. We repeat this process with a bin size of ∆ log Pcut = 0.01 upto a maximum value of log Pcut = 0.35. We plot the slopes of the PL relations as a function of log Pcut in the upper panel of Fig. 5 and present these distributions as histograms in the lower panel. We determine the mode of the histogram and the absolute difference between the mode value and the slopes of the PL relations. The log Pcut value corresponding to the smallest absolute difference is adopted as the final period cut for the Ks-band PL relation. Therefore, we adopt the final period cut at log Pcut = 0.19 for the Ks-band PL relation. Similarly, Fig. 6 displays the mid-infrared PL relations for FO mode Cepheids. Again, the 3.6µm and 4.5µm band PL relations are not influenced by the incompleteness bias near their detection limit. The magnitudes in 5.8µm and 8.0µm are mostly below the detection limit and therefore, we will not consider these bands further in our analysis.
THE PERIOD-LUMINOSITY RELATIONS
We make use of extinction corrected mean magnitudes in V IJHKs & 3.6/4.5µm wavelengths to derive PL relations in each band, separately. At optical and mid-infrared wavelengths, we restrict our sample to P > 0.6 days because there are very few stars below this period. Similarly, we only consider stars with P > 1 day at near-infrared wavelengths. We apply recursive 2.5σ clipping to fit a PL relation in each band, where σ is the dispersion in the PL relation after each iteration. Stars that are removed because of this procedure may appear as outliers due to several reasons including misidentification in the OGLE-III catalog and blending with nearby sources. Further investigation implies that the majority of these outliers are present in more than one band and therefore should be removed before fitting a PL relation. However, we will not investigate the nature of these outliers in this study. Our final PL relations at multiple bands for the SMC FO mode Cepheids are presented in Fig. 7 and the results are given in Table 4 .
We note that the dispersion in the FO mode Cepheid PL relations are very similar to FU mode Cepheid PL relations , except at mid-infrared wavelengths. We do not observe any significant reduction in dispersion of the near-infrared PL relations with or without random phase corrections. For the J-band, the dispersion reduces by ∼ 0.01 mag, while it is negligible in the case of H and Ks-band PL relations. We suspect that the dispersion in the 2MASS PL relations is dominated by photometric errors, most likely crowding, and the high intrinsic lineof-sight depth of the SMC (Subramanian & Subramaniam 2015) . Hence, phase corrections do not contribute signifi- cantly, especially when the pulsation amplitudes are very small. However, the dispersion in the near-infrared PL relation for LMC FO mode Cepheids ranges from 0.09-0.14 mag (Macri et al. 2015) as opposed to 0.18-0.20 mag for SMC FO mode Cepheids. Therefore, we test the contribution of random phase corrections to LMC FO mode Cepheid PL relations. We randomly sample the LMC FO light curves and estimate the dispersion in each band. We find that the random phase PL relations in JHKs bands do not give significantly different dispersion than the mean light PL relations, specially in H and Ks-bands. The greatest difference of ∼ 0.014 mag occurs for J-band in 50 different samples of random PL relations.
Comparison with Published PL Relations
We compare our multi-band PL relations for FO mode Cepheids in the SMC with published results (Bauer et al. 1999; Groenewegen 2000; Soszyñski et al. 2010; Tammann, Reindl & Sandage 2011; Inno et al. 2013; Subramanian & Subramaniam 2015) . The optical band PL relations in our study are essentially an updated version of PL relations derived by Soszyñski et al. (2010) as we account for the interstellar extinction. We note that the Wesenheit function, that is independent of the extinction, provides precisely the same slope, as expected, in the two set of PL relations. We use a standard t-test to check the significance of the difference in the slopes of our PL relations with published work. The details of t-test can be found in Ngeow et al. (2015) and Bhardwaj et al. (2015a) . In brief, we calculate T-values using the errors on the slopes and the standard deviation of PL relations. The theoretical T-values are obtained from the t-distribution for an adopted significance level (α = 0.05), under the null hypothesis of the two slopes being equal. The probability of acceptance of the null hypothesis (p(t)) of the observed t-statistic (|T |) is listed in Table 5 . The null hypothesis that the two slopes under consideration are consistent with each other is rejected if p(t) < α. We find that all PL relations derived in this paper for SMC FO mode Cepheids are consistent with previous studies. At optical wavelengths, the V -band PL relation from Bauer et al. (1999) is derived in the VEROS filter. The PL relations taken from Tammann, Reindl & Sandage (2011) are restricted to the short period range (log P < 0.4), whilst those taken from Subramanian & Subramaniam (2015) are limited to long period (log P > 0.029) FO mode Cepheids in OGLE-III catalog. Similarly, the PL relations adopted from Groenewegen (2000) , derived using 2MASS and DENIS data, are limited to long period (log P > 0.3) Cepheids only. For each set of slopes under consideration, the t-test suggests that the data are consistent with the null hypothesis at the 95% significance level. Therefore, the corresponding set of slopes are equal within their quoted uncertainties. The slope of the Wesenheit function derived by Groenewegen (2000) is marginally inconsistent according to the t-test, presumably due to a significantly smaller sample size of OGLE-II Cepheids as compared to OGLE-III.
A Test for Non-Linearity in PL Relations
Non-linearity in the PL relations for Cepheids in the LMC is discussed in detail in Bhardwaj et al. (2016) . The LMC FU mode Cepheid PL relations exhibit a break at 10 days at optical and near-infrared wavelengths and the FO mode Cepheids provide evidence of a break in the PL relation at 2.5 days only at optical wavelengths. However, Ngeow et al. (2015) suggest there is no break in the SMC FU mode Cepheid PL relations at 10 days, if we do not consider stars with periods below 2.5 days. Further, Subramanian & Subramaniam (2015) found a break in the PL relations of both the FU and FO mode Cepheids at P ∼ 2.95 days and P ∼ 1 day, respectively. Subramanian & Subramaniam (2015) did not use any statistical tests to determine the significance of these observed breaks. We will test for any possible statistically significant non-linearity in SMC FO mode Cepheid PL relations using robust statistical tests such as the F-test, random walk method and the testimator. These test statistics are discussed in detail in Bhardwaj et al. (2016) and will not be repeated here. In brief, the F-test compares a single regression line model over the entire period range with a two line regression, under the null hypothesis that the data follows a linear model. The random walk is a non-parametric test and uses the partial sum of random permutation of residuals to test any departure from linearity. The testimator compares the slopes of a number of subsets of the data to find evidence of change in the slope of the PL relation.
The results of the F-test, random walk and the testimator analysis are provided in Table 6 and 7. We test for nonlinearity in the PL relations at 2.5 days and 1 day following the observed breaks in the PC (Bhardwaj et al. 2014 ) and PL relations (Subramanian & Subramaniam 2015) , respectively. At optical wavelengths, PL and PW relations provide evidence for a significant break at both 2.5 days and 1 day, according to all test statistics. The results of all the test statistics imply that we can reject the null hypothesis that a single regression line is a better model at a very high significance level. However, we do not find any significant change in the slope of PL relations at these periods in infrared bands. We use our tests to determine the significance of the break at 1.6 days, which is related to a feature in Fourier parameters for SMC FO mode Cepheids. The F-test and random walk find evidence of a significant break at 1.6 days in PL and PW relations. Independently, the testimator suggests a break in the PL and PW relations in a bin including 2.5 days period.
We note that Subramanian & Subramaniam (2015) found evidence of a break at 1 day. The assumed break point at 2.5 days and 1.6 days are related to non-linearities in PC relations at various phases of pulsation and also with sharp changes in light curve parameters for FO mode Cepheids (Bhardwaj et al. 2014) . In order to find the most dominant break point in optical band PL and PW relations, we apply period-cuts before using test statistics. If we consider stars with P > 1 day in our analysis, we still find significant change in the slope of the optical band relations at 2.5 days. However, if we only consider stars with P < 2.5 days, we do not find evidence of a non-linearity at 1 day in I-band PL and the Wesenheit relation. While the F-test suggests a break in the V -band PL relation, the random walk test does not support this non-linearity. Therefore, we emphasize that the non-linearity observed at 1 day in Subramanian & Subramaniam (2015) is influenced by the change in slope of PL relations for P> 2.5 days. Thus, the most dominant break in FO mode Cepheid PL relations at optical bands occurs at 2.5 days, similar to FU mode Cepheids. Fig. 8 presents the light curve parameters for FU and FO mode Cepheids in the SMC. The top panel displays the I-band Fourier amplitude parameter (Bhardwaj et al. 2015b ) for FU mode Cepheids. We observe a maxima around 
For all P with a break at 2.5 days (Bhardwaj et al. 2014 
The subscripts S and L stand for short and long period range, respectively, for a given break period. ZP and σ represents the zero point and dispersion of the PL relation, respectively. N is the number of Cepheids used in deriving the PL relations. p(F ) and p(R) represent the probability of acceptance of the null hypothesis i.e. linear relation.
2.5 days in R21 parameter as a function of period. The shorter period Cepheids (P < 2.5 days) in the SMC occupy a different location such that stars with lower periods have smaller amplitude ratio. The middle panel displays the Fourier amplitude parameter for FO mode Cepheids. This parameter clearly exhibits a sharp change in the progression with period around log P = 0.4. There is also a break around P = 1.6 days. All these changes in the progressions are also visible in other amplitude and phase parameters. The bottom panel presents the variation of the third principal com- Notes: The meaning of each column header -n represents the number of non-overlapping subsets and log(P ) is the period range in each subset. N andβ represent the number of stars and slope of linear regression in each subset, respectively. β 0 and βw represent the initial and updated testimator slope after each hypothesis testing. |t obs | is estimated using errors on the slopes and the standard deviation of PL relations and tc represents the theoretical T-value for confidence level of more than 95%. k is the probability of initial guess of the testimator being true and leads to the decision of acceptance/rejection. Again, a change in the progression around log P = 0.4 is distinctly observed and similar but less pronounced features are seen in first and second principal components. Our test statistics results provide clear evidence that the observed non-linearities are related to changes in light curve structure. We also test the robustness of our test statistics results under various assumptions such as, homoscedasticity, independent and identically distributed variables and normality of residuals. The observations of Cepheids are independent of each other and the average of PL residuals do not show any significant trend as a function of period. Further, the mean of PL residuals is close to zero and the majority of the residuals follow a normal distribution. We also use quantilequantile (q-q) plots to find the outliers at the extreme ends and tested whether our results are sensitive to these outliers. The robustness of F-test under these assumptions is dis- cussed in detail in Ngeow et al. (2015) and Bhardwaj et al. (2016) . However, our results are robust to these assumptions and are supported by non-parametric random walk test. Ngeow et al. (2015) derived the multi-band PL relations for SMC FU mode Cepheids with P > 2.5 days. Therefore, in our analysis we include the short period Cepheids to compare with FO mode Cepheids and simultaneously test for any evidence of a possible non-linearity in PL, PW and PC relations at short periods. The short period breaks of around 2 days in the PL relation for FU mode SMC Cepheids was first reported by Bauer et al. (1999) and further revisited by Sandage, Tammann & Reindl (2009, at 2 .5 days). Bhardwaj et al. (2014) discussed these breaks in PC & A-C relations as a function of pulsation phase at 2.5 days. However, Subramanian & Subramaniam (2015) found a break in PL and PC relations for FU mode Cepheids at 2.95 days. In our analysis, we make use of OGLE-III counterparts for FU mode Cepheids in 2MASS and SAGE-SMC catalogs, taken from Ngeow et al. (2015) . We use extinction corrected mean magnitudes and apply 2.5σ clipping to fit PL, PW and PC relations. The results of a single regression line over the entire period range are provided in Table 8 . We note that these PL relations are significantly different to Ngeow et al. (2015) results, presumably due to inclusion of short period (P < 2.5 days) Cepheids. The plots of multi-band PL relations and optical Wesenheit for FU mode Cepheids are displayed in Fig. 9 . The results of the F-test, Random Walk and the testimator analysis are provided in Table 9 and 10, respectively. Ngeow et al. (2015) found that the Ks, 5.8 & 8.0µm bands PL relations are influenced by the incompleteness at short period ends and, therefore, required a period cut. Hence, we do not use these bands in our study of short period breaks in PL relations. The optical V -and I-band PL relations and the Wesenheit function for SMC FU mode Cepheids provide evidence for a significant variation in slope between Cepheids having periods smaller/greater than 2.5 days. Similarly, the near-infrared (J & H) and mid-infrared (3.6 & 4.5µm) band PL relations also provide evidence for a very large deviation in slope for short and long period range Cepheids. Visual inspection of H-band PL relation from Ngeow et al. (2015) suggests that the magnitudes may be approaching incompleteness limit at the short period end leading to a large deviation in slope. However, the magnitudes in other infrared bands lie well above their detection limit and, there- Table 9 . Results of F and random walk tests for PL and PW and PC relations for FU mode Cepheids in the SMC to test non-linearity at various periods. The meaning of each column header is discussed in Table 6 .
A COMPARISON WITH SHORT PERIOD FUNDAMENTAL-MODE CEPHEIDS
For all P with a break at 2.5 days (Bhardwaj et al. 2014 fore, any evidence of non-linearity is not influenced by the incompleteness bias. We also use our test statistics to determine the significance of the break at 2.95 days as observed in Subramanian & Subramaniam (2015) . Both F-test and Random Walk imply a significant change in the slope of the multi-band PL relations at this period as well. Interestingly, the testimator also finds a change in the slope of optical band PL and Wesenheit relations in the period bin containing 2.95 days.
The plots of optical band PC relations for FU and FO mode Cepheids are shown in Fig. 10 . The results of the test statistics are provided in Table 6 & 9 for F and random walk test and in Table 7 & 10 for the testimator. All test statistics provide evidence of a significant change in the slope of PC relations for both FU and FO mode Cepheids having periods smaller/greater than 2.5 days. We have shown that the SMC FO mode PL relations do not provide evidence of a break at 1 day as suggested by Subramanian & Subramaniam (2015) , if we restrict the sample size to P < 2.5 days. However, we do find a significant change in the slope of PC relation at 1 day for this case as well. There is also a significant deviation in the slope of PC at 2.95 days for FU mode Cepheids.
COMPARISON WITH LMC PL RELATIONS
We also compare our PL relations for SMC FO mode Cepheids with PL relations for LMC FO mode Cepheids. At optical wavelengths, the OGLE-III catalog has classified 1238 FO mode Cepheids in the LMC. We note that Bhardwaj et al. (2016) provided variation in the slope of PL relations for FO mode Cepheids in the LMC and tested for possible non-linearity. Therefore, we derive PL and PW relations for these FO mode Cepheids with similar period cut and sigma clipping as carried out for the FO mode Cepheids in the SMC, for relative comparison. Recently, Macri et al. (2015) derived new near-infrared PL relations for the LMC FO mode Cepheids based on time series observations. Therefore, we do not use 2MASS data to derive JHKs PL relations as Macri et al. (2015) results are clearly superior in all aspects. These PL relations at V IJHKs wavelengths are tested to determine possible non-linearities in multiple wavelengths (Bhardwaj et al. 2016) . We note that a detailed study on mid-infrared PL relations does not exist in literature for FO mode Cepheids. Therefore, we derive new LMC FO Cepheid PL relations at mid-infrared wavelengths for OGLE-III Cepheids.
We cross-matched OGLE-III LMC FO mode Cepheids with publicly released SAGE data using a search radius of 2 ′′ and obtained IRAC band photometry for epoch 1 and 2. The number of matched sources and the corresponding mean separations and standard deviations are summarized in Table 11 for the SAGE data. We estimated the error weighted mean in case the magnitudes were available for more than one epoch of observation for a particular Cepheid. Similar to SMC FO mode Cepheids, the magnitudes in 5.8µm and 8.0µm-bands for LMC FO mode Cepheids are mostly affected by the incompleteness bias at short period ends and therefore, we do not consider these bands in deriving PL relations. We only make use of magnitudes in 3.6µm and 4.5µm-bands and correct them for extinction using the Haschke maps (Haschke, Grebel & Duffau 2011) as discussed previously. We restrict our sample for P > 0.6 days because there are very few stars below this period and apply recursive 2.5σ clipping before fitting PL relations. Fig. 11 displays the PL relations for LMC FO mode Cepheids at optical and mid-infrared wavelengths and the optical Wesenheit relation while the results are presented in Table 12 . We note that the dispersion in these PL relations is significantly smaller than those for the SMC FO mode PL relations. As suggested previously, the increased dispersion for the SMC FO mode PL relations may be attributed to the high line-of-sight depth of the galaxy (Subramanian & Subramaniam 2015) . We note that Bhardwaj et al. (2016) found a significant break in optical Table 13 . Results of F and random walk tests for PL and PW relations for FO mode Cepheids in the LMC to test non-linearity at 2.5 days. The meaning of each column header is discussed in Table 6 .
For all P with a break at 2.5 days (Bhardwaj et al. 2014 band relations at log P = 0.4 for LMC FO mode Cepheids but no such break is observed in near-infrared PL relations. We also test for possible non-linearity in PL relations derived in this study for FO mode Cepheids at 2.5 days. The results of the F-test, random walk and the testimator are presented in Table 13 and 14. The optical band PL relations provide significant change in slope around 2.5 days, similar to SMC FO mode Cepheids. Interestingly, the mid-infrared PL relations also provide evidence of a significant break at log P = 0.4. The F and random walk test suggest the probabilities of acceptance of null hypothesis i.e. a linear relation, are approximately zero. Therefore, a significant change is observed in the slope of the PL relations at 2.5 days for LMC FO mode Cepheids at 3.6 & 4.5µm wavelengths.
We provide a detailed comparison of the slopes for FO mode Cepheid PL relations between the LMC and SMC in the period range 0.6 < P < 6.3 days and the results are presented in Table 15 . The t-test suggests that the optical V -band and the Wesenheit function are not consistent in the two clouds, while the I-band PL relations exhibit similar slopes with a marginal difference. Most of these relations in the infrared are consistent, given the uncertainties in the slopes, except in the case of the J and 3.6µm band PL relations. The difference in the slopes for the two clouds is least in I-band and 4.5µm-band PL relations.
Distance modulus between the SMC and LMC using FO mode Cepheids
We determine the relative distance modulus between the SMC and LMC based on multiband P-L relations for FO mode Cepheids. We fit an equation to each band PL relations in the Magellanic Clouds in the following form : Note : The last column represents the relative distance modulus. a is the slope and subscripts S and L represent short (P < 2.5 days) and long (P > 2.5 days) period range Cepheids.
where, m is the magnitude for Cepheids in the Magellanic Clouds in a particular band. The first term, (µSMC −µLMC), provides the relative distance modulus between the Magellanic Clouds. The coefficients, a and b represent the slope and intercept, respectively and the subscript S and L represent the short (P<2.5 days) and long (P>2.5 days) period Cepheids. We use two slope linear regression in our analysis as optical band PL relations provide evidence of statistically significant non-linearities at 2.5 days. We provide the slopes and relative distance moduli between SMC and LMC in Table 16 . We note that the difference in the relative distance modulus varies significantly from optical to infrared bands. We estimate the mean and standard deviation of all relative distances and adopt an average relative distance modulus of ∆µ = 0.49 ± 0.02. This value is consistent with those based on FU mode Cepheids (0.48 ± 0.02) derived by Ngeow et al. (2015) . We also note that de Grijs, Wicker & Bono (2014) and de Grijs & Bono (2015) recommended a distance modulus of 18.49±0.09 mag and 18.96 ± 0.02 mag for LMC and SMC, respectively. The relative distance modulus between the two clouds based on these recommended distances is 0.47 ± 0.09 mag. Therefore, our estimated relative distance modulus is in good agreement with the difference in recommended distance moduli of the two Clouds.
CONCLUSIONS
In this work, we derive new multi-band PL relations for first-overtone mode Cepheids in the SMC. In addition to a large compilation of OGLE-III Cepheids, we use their counterparts in 2MASS and SAGE catalogs to derive multi-band mean magnitudes for Cepheids in the SMC. The extinction corrections are done using the Haschke maps (Haschke, Grebel & Duffau 2011) . We also extend the work of Ngeow et al. (2015) to include short period SMC fundamental-mode Cepheids in our analysis. We use robust statistical tests such as, F-test, random walk test and the testimator, to determine the significance of possible nonlinearities at various periods in PL relations for fundamental and first-overtone mode Cepheids in the SMC. We also derive new optical and mid-infrared band PL relations for first-overtone mode Cepheids in the LMC. The first-overtone mode PL relation in the Magellanic Clouds are compared and we find that most of these relations are not consistent in the two clouds. We summarize the main results from our study as follows.
• The multi-band PL relations for FO mode Cepheids in the Magellanic Clouds, derived in this study, are found to be consistent with previous studies in the literature. The updated infrared band PL relations for FO mode Cepheids are not studied in detail previously, and will be highly relevant in the upcoming era of the James Webb Space Telescope.
• We find significant evidence of a break in PL relations for both fundamental and first-overtone mode Cepheids in the SMC at 2.5 days at optical bands. The fundamentalmode SMC Cepheids also exhibit this break in infrared band PL relations. We do not find any evidence of non-linearity at 1 days as observed by Subramanian & Subramaniam (2015) for first-overtone mode SMC Cepheids.
• Our analysis suggests that these breaks are related to changes in the progression of light curve parameters with period for Classical Cepheids in the SMC. This is an important result in a sense that modelling these non-linearities in PL relations, i.e. physical parameters, together with changes in the Fourier parameters will be used to constrain theoretical pulsation codes and determine mass-luminosity relations obeyed by Cepheids in the Magellanic Clouds.
• We also compare the multi-band PL relations in the Magellanic clouds for first-overtone mode Cepheids. The slope of the PL relations in the two clouds are not consistent at optical bands, presumably due to significant nonlinearities. We estimate the relative distance modulus of ∆µ = 0.49 ± 0.02 mag, between the two clouds using multiband PL relations for first-overtone mode Cepheids in the SMC and LMC.
• The various non-linearities and the inconsistency in the slopes between the two clouds may be related to the metallicity differences thus leading to different Cepheid massluminosity relations. Bhardwaj et al. (2014) have provided a possible explanation for breaks in Period-Color relations at a period of 10 days based on the theory of hydrogen ionization front-stellar photosphere interaction as a function of pulsation phase. Further study will be required to discern the cause of nonlinearities at shorter periods. In future, with more infrared data coming from The VISTA near-infrared Y JKs survey of the Magellanic System (VMC) survey (Cioni et al. 2011; Ripepi et al. 2012 Ripepi et al. , 2016 , these relations will be studied as a function of pulsation phase to understand the metallicity dependence on the universality of Cepheid PL relations.
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